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This paper considers the flocking problem of a group of autonomous agents moving in Euclidean space with
a virtual leader. We investigate the dynamic properties of the group for the case where the state of the virtual
leader may be time-varying and the topology of the neighbouring relations between agents is dynamic. To track
such a leader, we introduce a set of switching control laws that enable the entire group to generate the desired
stable flocking motion. The control law acting on each agent relies on the state information of its neighbouring
agents and the external reference signal (or ‘virtual leader’). Then we prove that, if the acceleration of the virtual
leader is known, then each agent can follow the virtual leader, and the convergence rate of the centre of mass
(CoM) can be estimated; if the acceleration is unknown, then the velocities of all agents asymptotically approach
the velocity of the CoM, thus the flocking motion can be obtained. However, in this case, the final velocity of the
group may not be equal to the desired velocity. Numerical simulations are worked out to illustrate our theoretical

results.

Keywords: collective dynamic behaviour; flocking; multiagent systems; swarm intelligence; virtual leader

1. Introduction

Flocking is ubiquitous in nature, e.g., flocking of birds,
schooling of fish, herding of animals, and swarming of
bacteria, and it is a form of collective behaviour of
multiple interacting agents. In recent years, there has
been increasing research interest in the distributed
control/coordination of the motion of multiple
dynamic agents/robots and the control design of
multi-agent systems. In a multi-agent system, agents
are usually coupled and interconnected with some
simple rules. Understanding the mechanisms and
operational principles in them can provide useful
ideas for developing formation control, distributed
cooperative control and coordination of multiple
mobile autonomous agents/robots. Applications of
multi-agent systems can be found in many areas,
such as biology(e.g., aggregation behaviour of ani-
mals), physics (e.g., collective motion of particles),
robotics and control engineering (e.g., formation
control of robots, cooperative control of unmanned
aerial vehicles (UAVs), scheduling of automated high-
way systems, coordination/formation of underwater
vehicles and attitude alignment of satellite clusters).
There has been considerable effort in modelling and
exploring the collective dynamics, and trying to
understand how a group of autonomous creatures or

man-made mobile autonomous agents/robots can
cluster in formations without centralised coordination
and control (Reynolds 1987; Vicsek, Czirok,
Ben-Jacob, Cohen and Shochet 1995; Leonard and
Fiorelli 2001; Gazi and Passino 2003; Jadbabaie, Lin
and Morse 2003; Tanner, Jadbabaie and Pappas 2003,
2007; Fax and Murray 2004; Lin, Broucke and Francis
2004; Olfati-Saber and Murray 2004; Savkin 2004;
Shi, Wang, Chu and Xu 2005; Chu, Wang, Chen and
Mu 2006; Hong, Hu and Gao 2006; Olfati-Saber 2006;
Shi, Wang and Chu 2006a, Shi, Wang, Chu and Xiao
2006b). Many results have been obtained with local
rules applied to each agent in a considered multi-agent
system.

Stimulated by the simulation results in Reynolds
(1987), Tanner, Jadbabaie and Pappas (2003, 2007)
considered a group of mobile agents moving in the
plane with double-integrator dynamics. They intro-
duced a set of control laws that enable the group to
generate stable flocking motion, but these control laws
cannot regulate the final speed and heading of the
group. Due to the fact that in some cases, the
regulation of agents has certain purposes such as
achieving desired common speed and heading, or
arriving at a desired destination, the cooperation/
coordination of multiple mobile agents with some
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virtual leaders is an interesting and important topic.
There have been some papers dealing with this issue in
the literature. For example, Leonard and Fiorelli
(2001) viewed reference points as virtual leaders for
manipulating the geometry of an autonomous vehicle
group and directing the motion of the group; Olfati-
Saber (2006) used virtual leaders to accomplish
obstacle avoidance; Shi et al. (2006a) regarded the
reference signal as a virtual leader for guiding the agent
group to move at the desired constant velocity. In
Olfati-Saber (2006) and Shi et al. (2006a), the authors
used different moving reference frames to analyse the
flocking problem. Olfati-Saber (2006) chose the posi-
tion of the centre of mass (CoM) of the group as the
origin of the moving frame, whereas Shi et al. (2006a)
chose the position of the virtual leader as the origin of
the moving frame. The difference between these two
approaches will be discussed in detail in the paper.

In this paper, we consider the flocking problem of
multiple mobile autonomous agents moving in an n-
dimensional Euclidean space with point mass
dynamics. We divide the considered problem into
two issues, and propose the corresponding control laws
and develop Lyapunov-based approach to analyse
them. First, by viewing the external reference signal as
a virtual leader, we show that, if all agents know the
velocity and acceleration of the virtual leader, then
they eventually move ahead at the desired velocity and
maintain constant distances between them (called
‘strong flocking’). This means that all agents can
track the virtual leader. Secondly, for the case where
we let all agents move ahead at a common velocity and
do not care about the explicit value (called ‘weak
flocking’), we prove that the weak flocking can be
achieved if all agents only know the velocity of the
virtual leader. The flocking problem is analysed in
different cases and the main results are listed in a table
in §5.

This paper is organised as follows. In §2, we
formulate the problem to be investigated. Then we
design a set of local control laws and analyse the
stability of the resulting closed-loop system in §3.
Section 4 gives numerical simulations to illustrate the
theoretical results. Finally, we briefly summarise our
results in § 5.

2. Problem formulation

In this paper, we consider a group of N agents moving
in an n-dimensional Euclidean space; each has point
mass dynamics described by

X =

o (1

myv =u —kp', i=1,...,N,

where x' € R is the position vector of agent i, ' € R" is
its velocity vector, m; > 0 is its mass, u'€R" is the
control input acting on agent 7,k; > 0 is the ‘velocity
damping gain’, and —k»' is the velocity damping term.
Here we assume that the damping force is in
proportion to the magnitude of velocity and the
damping gains k;, i=1,..., N, are not equal to each
other.

Our main objective is to study the flocking problem
of how to make the entire group move at a desired
velocity and maintain constant distances between the
agents. The desired velocity is supposed to be a time-
varying and smooth function, which means that the
state of the virtual leader keeps changing. In order to
achieve our goal, we try to regulate each agent velocity
to the desired velocity, reduce the velocity differences
between neighbouring agents, regulate their distances
such that their potentials become minima, and at the
same time, compensate for the velocity damping.
Hence, we choose the control law «' for agent i to be

ui:ai+ﬂi+yi+3i, (2)

where o is used to regulate the potential of agent i to
its minimum, A is used to regulate the velocity of agent
i to the weighted average of the velocities of its
neighbours, )’ is used to regulate the velocity of agent i
to the desired velocity, and &' is used to compensate for
the velocity damping (all to be designed later).

In the design of control law (2), o' can be
determined by an artificial social potential function,
1", a function of the relative distances between agent i
and its flockmates. Freedom from collisions and
cohesion in the group can be guaranteed by this
term. B’ can be obtained according to the alignment or
velocity matching with neighbours among agents. y' is
designed based on the external signal, i.e., the desired
velocity and acceleration. §' can be simply taken to be
the reverse of the damping force.

We also consider the weak case of flocking
problem. Namely, in case the acceleration of the
virtual leader is not available to each agent, then we
can only design a control law to make all agents move
with a common velocity. However the velocity value
cannot be estimated explicitly.

Definition 1 (neighbouring graph): The neighbouring
graph, G=(V,€), is an undirected graph consisting
of a set of vertices, V={ny,...,ny}, indexed by the
agents in the group, and a set of edges,
E={(npn) eV xV| |x"— x| <R}, containing unor-
dered pairs of vertices that represent the neighbouring
relations, where R > 0 is a constant.

In the following we make use of the neighbouring
graph to describe the sensor information flow in
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the group. In G, an edge (n;, n;) means that agent i can
sense agent j, and it will regulate its state based on the
position and velocity of agent j. In this paper, we
mainly consider the dynamic and symmetric neigh-
bouring relations between agents. Let Z={1,..., N}.
We let N2 {j||Ix/| <R} CT\{i} be the set contain-
ing all neighbours of agent i, where xY=x'—x/
denotes the relative position vector between agents i
and j; R > 0 can be viewed as the sensing radius of
the sensors. Here we assume that the sensors of all
agents have the same sensing range. During the
course of motion, the relative distances between
agents vary with time, so the neighbours of each
agent are not fixed, which generates the switching
neighbouring graph G,, where o is a switching signal
and is a piecewise constant function
o(1):[0,+00)— P, P is a finite index set where the
number of the indices is equal to the number of the
connected graph G, in the group. The switching signal
o relies on the distances between agents according to
the local sensing range of each agent. In the
discussion to follow, we assume that the neighbouring
graph G, remains connected, which ensures that the
group will not be divided into several isolated
subgroups. In order to depict the potential between
the agents, we present the following definition.

Definition 2 (Tanner et al. 2007) (potential
function): Potential F7 is a differentiable, non-
negative function of the distance | x”|| between agents
i and j, such that V/(||x7|)— +oo as ||x7||—0; V7
attains its unique minimum when agents i and j are
located at a desired distance; (d/d||x¥]) Vi(||x¥]) = 0 if
Ix"Il > R.

Functions V7,i,j=1,...,N, are the artificial social
potential functions that govern the interindividual
interactions. By the definition of V', we obtain that
if |x7] > R, then V/(|x/|)=V’(R). One example of
such potential functions is the following:

aln || x7)* + —
[ENATE

VI(Ix7)) = a[l + In(b/a)]+ cos[(l +

al +1In(b/a)] + 2,

1

Vil(l1xl1)
O = N W b OO O N 0O © O

05 1 15 2 25 3 35 4
11|

o

Figure 1. Potential function V7.

By the definition of V7, the total potential of agent i
can be expressed as

V=X VAR 4+ ) VIR,

JeN; JEN L

Certainly, in reality, according to different cases, we
can define different interaction potential functions
such as the functions considered in Leonard
and Fiorelli (2001), Gazi and Passino (2003) and
Olfati-Saber (20006).

3. Main results

In this section, we first present explicit formulation for
the terms o, £, /', and &' in the control law (2), then we
investigate the stability properties of the closed-loop
system by employing matrix analysis, algebraic graph
theory and nonsmooth analysis. For basic concepts
and results, we refer to Clarke (1983); Horn and
Johnson (1985); Paden and Sastry (1987); Shevitz and
Paden (1994) and Godsil and Royle (2001).

where a, b, and R are some positive constants such that
b>ale and R > \/b/_a. Note that the assumption
R > \/b/a is reasonable as this implies that the desired
distance between two agents is smaller than the agent’s
sensing range R. It is easy to see that V7 attains its
unique minimum [l +In(h/a)] when |x7| = ﬂ%.
Figure 1 depicts the curve of one potential function,
where a=1,b=1, and R=2.

0 < |Ix7] < /b/a;

IX11? = (b/a) i < R 3)
‘2_([)/;)71} 11, JBa< ¥l < R

X1l > R,

We take the control law «’ for agent i to be
= VWi —
u Z/’GN, X V1 Z/‘EN
ol 15:’
i i 0 i
—himi (v = V(1)) + gimjao(t) + kiv' | 4)
. S

w,j(vi — v/)
i

i
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where w;>0 and w;=0, i,j=1,..., N, represent the
interaction coefficients; v(r) € R" is the desired velocity
and V(1) = ap(f); i\ >0 represents the intensity of
influence of the reference signal on the motion of agent
i, hi = h; if agent i knows the desired velocity, where
h; > 0 is a constant, and is 0 otherwise; g;=1 if agent i
knows the acceleration a(¢) and is 0 otherwise. w;=c;;
is fixed if agent j is a neighbour of agent i, where ¢;; > 0
(Vi#£j) is a constant, and is 0 otherwise. Here we
always assume that c¢;=c;, which means that the
interaction between agents is reciprocal. We write
We=[wylo € RY*Y for the interaction coefficient
matrix (or ‘coupling matrix’). Thus, W, is always
symmetric, and by the assumption of the connectivity
of the neighbouring graph G, W, is always irreducible.
During the course of motion, each agent regulates its
position and velocity based on the external signal and
the state information of its neighbours. However, it is
known that, in reality, because of the influence of some
external factors, the reference signal is not always
detected by all agents in the group. In this paper, we
will consider the case where the signal is sent
continuously and at any time, there exists at least one
agent in the group who can detect it, i.e., there exists
hf; = h; >0 for some keZ, where s is a switching
signal and s piecewise constant function
s(2): [0, +00) — 73 73 is a finite index set where the
number of the indices is equal to 2 — 1. Notice that
the switching signals s and o in the switching
neighbouring graph G, may be different, so we
combine the two switching signals into one switching
signal (7): [0, +00) — P, P is a finite index set where
the number of the indices is equal to the number of the
elements of set {(x,y) | Vx € P,Vy € P}.

Since the neighbour set NV; of each agent i is time-
varying and the agents who know the external signal
at different times are different, then discontinuities
will be introduced to the right hand side of control
law (4). Hence, the agent dynamics is expressed in
terms of differential inclusions

X =, )
mpy' € Klu' —kp'], i=1,...,N,

where K[-] is a differential inclusion, and a.e. stands for
‘almost everywhere’.

3.1 Flocking control: group motion with
desired velocity

In this case, we assume that all agents know the desired
velocity v)(7) and the acceleration ao(7), i.c., hi = h; and
g;=1 for all ieZ. However, not all coefficients #,,
i=1,...,N, are considered in the design of the

control law. In the following, we assume that, at any
time, there exists at least one coefficient hf keI, tobe
positive in control law (4). Then we have the following
results.

3.1.1 Stability analysis

Theorem 1: Taking the control law in (4), all agent
velocities in the group described in (5) asymptotically
approach the desired velocity, avoidance of collisions
between the agents is ensured, and the group final
configuration minimises all agent potentials.

This theorem becomes clear after Theorem 2 is proved,
so we proceed to present Theorem 2. We define the
following error vectors:

t
e; =x— f W(r)dr and e{, = =),
fo
where 7 is the time variable and ¢, is the initial time.
Then ¢! represents the velocity difference vector
between the actual velocity and the desired velocity
of agent i It is easy to see that é;, =¢/ and
¢ =" — ay(1). Hence, the error dynamics is given by
o =el

e ©)
m,ei et K[u’ — kv — miag(t)], i=1,...,N.

Note that, in fact, we choose a moving reference frame
and take the position of the virtual leader as the origin
(called ‘the first moving reference frame’). By the
definition of VY, it follows that V1(||x”||) =
V”(||e’f||)— Vi, where el = e, — e, and hence Vi = |4
and Ve, Vi = V.. VY. Moreover, by the symmetry of 1%
with, respect to eg and by el’/ —eﬁ’ it follows that
v o Vi = Ve Vi = -V, Vi, Thus the control input for
dgent i in the error system (6) has the following form:

i T i j
u——g VV—E wii(e —é,
e e, N l/( v L)

=

ol ﬁi
—lémiei + mjao(t) + kjv' . (7

y &

Theorem 2: Taking the control law in (7), all agent
velocities in the system described in (6) asymptotically
approach zero, avoidance of collisions between the
agents is ensured, and the group final configuration
minimises all agent potentials.

Proof: Consider the following Lyapunov-like
function:

ZN:( +m e’Te’>

l\) |
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It is easy to see that J is the sum of the total artificial
potential energy and the total kinetic energy of all
agents in the error system. Define the level set of J in
the space of agent velocities and relative distances in
the error system:

Q= {(g e”)|J<c c>0}

Though the neighbouring relations vary with time,
under the assumption of the connectivity of Gz, the set
Q is compact. This is because the set {e', e}{ }with J<¢
is closed by continuity. Moreover, boundedness can be
proved by the connectivity of G5. More specifically,
because G5 is always connected, there must be a path
connecting any two agents i and j in the group and its
length does not exceed N — 1, and on the other hand,
the distance between two interconnected agents is not
more than R, hence we have ||e’f|| < (N— 1)R. By
similar analysis, efel < 2¢/my; thus lelll < 2¢/m;.
The invariance of Q W111 be established in the sequel
once J is shown to be non-increasing.

Function J is differentiable, but its derivative along
the system’s trajectories is not single-valued, for we do
not know the value of ¢ at the switching instants. We
can only ensure that m;é’ €% Klu' — k;v' — mao(1)].
Since the potential function is differentiable at the
transition point, it does not introduce discontinuities
in the control law though the neighbouring graph is
time-varying. Hence,

mjé, " K| — E Ve V'V — E wii(e}, — €) — hsme,

JeEN JEN

C — Z Ve;-) 1% + K| — Z w,-j(e{, — e{) — h%miei

jEN,‘ jENi

By the definition of function J, we have

N o T N—-1 T
of = Z(Ve})V/) Z(Ve;)vVN’) ,

v o2 v

T
mel’ ...,mNeNTi| s

and J e 7, where

+ 617’1[([ - (Lt_f ® In)ev - (H(—, ® [n)ev]
= K[—¢]l(Ls + Hy) ® L,]e,],

~. ~.. T .

Vo V=3 cn, Vo V7 e = (e, ... ,.e{,\'T) is the stack
vector of all agent velocity vectors in the error system;
Ls = [ljl; € RVN with

_M)ij: i #J:
lj = N .
Zk:l,k;&i Wik, L=

Hs = diag(hlﬁml,...,hf—fvm]v); ® stands for the
Kronecker product; and 7, is the identity matrix of
order n. Then, we get

T € —o{el[(Ls + Hy) @ Lley).

It is easy to see that Lz is symmetric and has the
properties that each row sum is equal to 0, the diagonal
entries are positive, and all the other entries are
non-positive. Also, Hs is a diagonal matrix with non-
negative entries and there exists at least one positive
diagonal entry. Furthermore, since the neighbouring
graph Gz is connected, Lz + Hs is irreducible. Hence,
matrix Lz + Hz is irreducibly diagonally dominant.
By Corollary 6.2.27 in Horn and Johnson (1985),
it follows that matrix Lz 4+ H3 is positive definite. Thus
—cofe![(Ls + Hz) ® I,]e,} is an interval of the form
[£,0] with /< 0. Therefore for any z € J z<0, and
only when el =---=¢V/=0, 0 is contained in
—cofel [(L3+H(—,)®In]ev . This occurs only when
V= =yV=1" It follows that ¢/ =0, i=1,...,N.
and ¢/ =0, Y(i,)eZxZ. Hence, according to
non-smooth version of LaSalle’s invariance principle
(Shevitz and Paden 1994), we know that the Filippov
solution trajectories of the system converge to the
largest invariant . subset of the set defined by

={e, e | 0e J} In the set, the agent velocity
dynamlcs ise, = —(1/m) Y en, Vel Vi = —(1/mj)Ve Vi,
Thus, in steady state, all agent velocities in the error
system no longer change and equal zero, and
moreover, the potential V7 of each agent i is minimised.
Freedom from collisions between the agents
can be ensured since otherwise it will result in
Vi — +o0. Ol

Remark 1: Note that in case all agents know the
desired velocity and all coefficients 4;,i=1,..., N, are
used to design the control law, the connectivity
condition in Theorems 1 and 2 can be weakened.
That is, all the agents can still move at the desired
velocity eventually even if the neighbouring graph is
not connected. In this case, the term «; in the control
law (4) should be remained to make sure collision-free
in the group. However, it is difficult to give a
theoretical analysis. Instead, we will present some
simulation results in §4 to demonstrate this case.

Remark 2: By the analysis above, it is easy to see that,
when the coefficient 4! equals A, for all i€Z in the
control law (4), the strong flocking motion can still be
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obtained though all agents do not regulate their
velocities according to their neighbouring agents, i.e.,
we can omit the term 8’ in (2).

Remark 3: If the coupling matrix W, is asymmetric,
we can regulate the control law acting on each agent to
generate the desired strong flocking motion. The main
analysis is as follows.

Define the position neighbouring graph G, and the
velocity neighbouring graph D, as in Shi et al. (2006a)
and assume that G, and D, are always strongly
connected, where o* is a switching signal and is a
piecewise constant function o*(¢): [0, +00) - P*, P*
is a finite index set where the number of the indices is
equal to the number of the strongly connected graph
Dy« in the group. From Shi et al. (2006b), we obtain
that, if Dy« is strongly connected, then its Laplacian
matrix L is irreducible and for each L+, there is only
one left eigenvector &+ = [&1, ..., SN]Z* e R" such that
0<é&<1 for all ieZ, €LL,, =0, and YN & =1.
Then, we modify the control law u' to

ui = — Z in VU — Z E,’W@,’(Vi — Vl)
—

JEN; jeNy

ol p
o A
—hgmi (V' = (1)) + gimyao(1) + k'

VI 6’

where N7 £{j | w; > 0}. By a similar analysis, we get
A~ 1
Jc —zm{e{[(A(—,L; + LIA; +2H5) ® I,]e,},

where Az = diag(§y,...,én)5 € RV where 7 is a
switching signal and is a piecewise constant function
5(1): [0, +00) — P, P is a finite index set where
the number of the indices is equal to the number of
the elements of set {(x,y,z) | Vx € P,Vy € P*,Vz € P}.
It is easy to see that AzLz + LETA; is symmetric and
has the properties that each row sum is equal to 0, the
diagonal entries are positive, and all the other
entries are non-positive. The rest analysis is similar to
Theorem 2, and thus is omitted.

3.1.2 The motion of the CoM

In what follows, we will analyse the motion of system
(5) in the case where i\ = h for all i € Z, where /iy > 0
is a constant. This means that the intensities of
influence of the external signal on all agents are
equal. Hence, the control law in (4) has the following

form:
U = — Z,g.,v, ViV — Z,-av,- Wij(v’ - )
ai ,5“
hom,(v v (t)) + m;ay(t) +&L. 8)

yi &

Certainly, in this case, we also have the conclusions in
Theorems 1 and 2. Here we will choose another
moving reference frame to study the flocking problem.

The position vector of the CoM in system (5) is

defined as
N i
E _ Mix
X* _ i=

=&==L
2. m
i=1

Thus, the velocity vector of the CoM is

ZN i
m;v
* i=1
= v .
> m
i=1

On using control law (8) and by the symmetry of W,
and the symmetry of function V¥ with respect to x”,
we get

)4

v = —hov* + ho° (1) + ao(2). )
By solving (9), we get
Vi) =0(1) + (v*(t0) — vo(to))e_ho(’—fo)_

Thus, it follows that, if v¥*(zy) = (1), then the velocity
of the CoM equals v(¢) for all time; if v*(zo) # v*(1),
then the velocity of the CoM exponentially converges
to the desired velocity v°(¢) with a time constant of /g s.
Moreover, since x* = v*, we have

X*(f) = x*(to) + / , W(o)dr

lo
0
Yito) V) 1y i)

+ I

We define the error vectors:
"o 0
* % p * sk
€, =X —/ vi(r)dt and e) =v" —v(2).
to

Then ¢) represents the position difference vector
between the CoM and the virtual leader, whereas ¢
represents the velocity difference vector between them.
By the calculation above, it is easy to see that

v (19) — v(to)
ho '

im ¢ =) +
Thus, it follows that, if v¥(zy) = v*(,), then the position
difference between the CoM and the virtual leader
equals x*(1o) for all time; if v¥*(z9) # (1), then the
difference exponentially approaches the constant
vector x*(to) + (v*(to) — v*(t9))ho with a time constant
of A s. Therefore, from the analysis above, we have the
following theorem.

Theorem 3: Taking the control law in (8), if the initial
velocity of the CoM is equal to the desired initial
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velocity, then the velocity of the CoM equals the desired
velocity for all time and the position difference between
the CoM and the virtual leader always equals x*(t);
otherwise the velocity of the CoM will exponentially
converge to the desired velocity with a time constant of
hg s and the position difference between the CoM and the
virtual leader will exponentially approach the constant

vector x*(ty) + [(v¥(to) — v*(t0))/ho].

In this case, we can also choose the moving reference
frame proposed in Olfati-Saber (2006) to analyse the
stability of system, and take the position of the CoM
of the group as the origin (called ‘the second moving
reference frame’). We define the error vectors

g,=x'—x" and & =V —v"

Then & represents the velocity difference vector
between agent 7 and the CoM. It is easy to see that
8;, = ¢! and &) = v — y*. Hence, the error dynamics is
given by

24 i
81’ Eys

o 10)
z‘eae K[ul—kivl_mil}*]r = 1,...,N.}

By the definition of V7, it follows that V¥(||x7|) =
V’f(||s’f||)* VU where 81’{ = ep - Ejp and hence Vi =y
and ng 7" = V.. V. Thus the control input ' for agent
i in the error system (10) has the following form:

u = —Z Vs;')l_/l"i—z wi(el — &)

JeN JeN;
ol ﬂr‘
—hom;e, — homiel + miao(t) + kiv' .

m;&

¥ 5

We consider the error system (10) and choose the
following Lyapunov function:

ZZ(Verng’) (11)

By a similar calculation, we get Jjc —cofel'x
[(L, + Ho) ® L,)e,}, where &, =(e!7,...,e")" and
Hoy=diag(homy, . .., hgmy) € RN, Using the analysis
method in Theorem 2, we obtain that the velocities
of all agents asymptotically approach the velocity of
the CoM, avoidance of collisions between the agents
is ensured, and the group final configuration mini-
mises all agent potentials. Furthermore, from
Theorem 3, we conclude that the velocities of all
agents in group (5) asymptotically approach the
desired velocity.

Remark 4: One issue to be mentioned here is that,
when the intensities of influence of the external signal
on the motions of all agents are not equal, it is difficult

to estimate the motion of the CoM and analyse the
stability properties of system (5) under the second
moving reference frame.

3.2 Flocking control: group motion with common
but unknown velocity

In this case, we assume that all agents know the desired
velocity v(7), but none of them know the acceleration
ao(t). Moreover, we still assume that the coefficients
hi=hy >0 and g;=0 for all i€Z. Thus the control
law acting on agent i is

u = — E in VY — E W,‘/(V’ - VI)
N PV

jeN;

ol ﬁ'
b (i 0 i
hom,(v v (t)) +&L’ (12)

v 8

where w;;, v’(¢), and hy are defined as before. In what
follows, we will show that all agents cannot move
ahead at the desired velocity, but in this case, the weak
flocking motion of the agent group can be achieved.

Theorem 4: Taking the control law in (12), all
agent velocities in the group described in (5) become
asymptotically the same, avoidance of collisions between
the agents is ensured, and the group final configuration
minimises all agent potentials.

This theorem is true after Theorem 5 is proved. First,
on using control law (12), we get

V= —hov* + hov'(1). (13)

We consider the error dynamics (10). The control
input ' for agent i in the error system has the
following form:

U= — Z VE;I_/U— Z szi(gi - 81»)

JeN JEN;

of ﬁi
—homisi — homel + kiv' . (14)

i 8

Theorem 5: Taking the control law in (14), all agent
velocities in the error system (10) asymptotically
approach zero, avoidance of collisions between the
agents is ensured, and the group final configuration
minimises all agent potentials.

Choosing the Lyapunov function J defined as in (11)
and calculating the derivative of J along the solution of
the . error system (10), we have
J e JC —colel[(L, + Hy) ® I,]e,}. Following the
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analysis method in Theorem 2, we can obtain the proof
of Theorem 5. Here we omit the detailed proof.

Theorem 5 implies that all agent velocities in
group (5) asymptotically approach the velocity of the
CoM by using control law (12), but in what follows,
we will show that in this case the final velocity
of the group may not asymptotically approach the
desired velocity. In fact, for some cases, all agents
can track the external signal, but for others, they
cannot. We will present two simple examples, which
is enough to illustrate the problem. By solving (13),
we have

t
VE(1) = v (to)e ol ho/ e M=Dy0(1)dx,

)

and moreover, we obtain that

x*(t) = X*(lo) + %(:0) [1 _ e—ho(l—to)]

! S
+ hy / / e M= y0 (1) dr ds.
to J1o

Example 1: Suppose the desired velocity '(7) is a
constant vector v, then we get

VE(1) = vo + (v¥(t9) — vo)e ).

It is obvious that the velocity of the CoM equals the
desired velocity for all time or it will exponentially
converge to it with a time constant of /hy s.
Furthermore, by Theorem 5, we obtain that the
velocities of all agents asymptotically approach the
desired velocity. Moreover, we have

>k
i1 —
xX*(8) = x*(tg) + vo(t — to) + w [1 _ e_ho(’—fn)]’
0
hence,

. v¥(ty) — v
i =0+ G
This implies that the position difference between the
CoM and the virtual leader will asymptotically
approach a constant vector. By the analysis above,
we know that, when the desired velocity is a constant
vector, the desired stable flocking motion can be
obtained by using control law (12). More information
can be found in Shi et al. (2005) and Shi et al.
(20064a).

Example 2: Suppose n=1 and v’(r) =at, where « is
a positive constant, then we get

o
V() = at + (v*(ty) — atg)e ") — " [1— e Tol=o],
10

It is easy to see that lim,_ 4 €} = —(ae/hy). Moreover,
we have

() = (1) + % (A —2) - h%(l — 1)

v¥(ty) — at, o
+ (%_’_%)[1 — ol fo)]’
thus lim,, 1 €) = —oo. This implies that the velocity
of the CoM cannot asymptotically approach the
desired velocity, i.e., the CoM cannot track the
external signal. Hence, in this case, the desired stable
flocking motion cannot be obtained by using the
control law in (12).

In what follows, we will demonstrate that in this case
the strong flocking motion still may not be achieved
even when the position information of the virtual
leader is considered in the design of the control law.
The initial position of the virtual leader is still chosen
as the origin, then its position vector is
X = f; W(r)dr. We modify the control law u' in
(12) to

ui = — Z ) fo Vij — Z/‘EN, W[/(Vi — V])

jeN
ol Bi

—hom;(v' = (1)) — romi(x" — x°(1)) + @/ . (15)

§i

]/i
where ro > 0 is a constant. By a similar calculation,
we get

v = —hov* + hov° (1) — rox* + rox°(1).

We consider the error system (10) and choose the
following Lyapunov function:

N
J= %;(T/’ + mieiTai, + romisszi).
Then we have J € —co{e[(L, + Ho) ® I,]e,}. The rest
of the analysis is similar, and thus is omitted. Hence,
on using the control law in (15), the velocities of all
agents in group (5) still asymptotically approach the
velocity of the CoM.
Next, we analyse the motion of the CoM. By the
calculation above, we have

v V()In holn y* ho VO + }"()XO ’

where V0 £°(7) and x° £ x°(7). Let

0 I, 0 1
A= = R I,.
—roln _hOIn =Ty —h()
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Figure 2. The desired velocity curves.

4t

-6
X (m)
Figure 3. The initial state of the agent group.

In the following, we will present an example to
illustrate the fact that the velocity of the CoM may
not asymptotically approach the desired value v'(r) by
using control law (15).

Example 3: Suppose 7o=0, n=1, and v(¢) = e’
then x°(¢) = (1/ahg)(e®* — 1), where « is a positive
constant. Thus the eigenvalues of matrix 4 is

Al:—h0+,/hg—4ro —/10—,//1(2)—41’0

2 2 ’

and they all are negative or have the negative real
parts.

and A, =

(1) If hé —4ry # 0, then A # A, and the eigenvectors
associated with them are (1,1;)” and (1,1,)7,
I

respectively. Let P=[, ,1\2 1, then

P'=1/( =), 7. Thus 4= Pdiag
(A1, 22)P~". By solving (16), we obtain

Olh% + ry ahot 1
x* ahol(e? + a)h} + ro) ¢ ahy + (s
v ah + 1o ’

ahyt
- + sk
(az +Ot)h% +r()e ( )2

where lim, ., .(%x);=0 and lim,, . .(x),=0.
Hence, we get

_azh(z) hot ]
. * __ . oyt — _
Jm e, = lim [(az TR At T W= e
and
lim ¢ = lim ——aho et (*) ] = —00
=400 I i—+oo| (@ + Ol)h% +rg 1_ ’

(ii) If A3 — 4ry = 0, then Ay = Ay = —(//2) and the
eigenvectors associated with them are (1,1,)"
and (1,1+x,)". Let

1 1 M1
P= and Jy) = s
Al 1+)\,] 0 Al

then

14+, —I
P‘I:[ . ! 1 } and A= PJyP".
—AN]

By solving (16), we have

4o+ 1 w1
—— " — —— 4 (x
[x*} ahy(Qa + 1)° ahy ()3
| da +1 ’
Vv o + 2eahol+(*)4
Qo+ 1)

where lim,_, o(*x)3=0 and lim,_,  (*)4=0.
Hence, we get

lim e = lim

- ahyt - _
(—+o0 ' =40 [(2a + l)2 o (*)4j| o

and

lim e = 1

. B ahyt _
= lm |——¢ =+ (x = —0Q.
1—>+o0 P t—>+oo|:/10(2a 1) ( )3}

From the analysis above, we conclude that the CoM
cannot track the virtual leader and thus the
strong flocking cannot be achieved by using the
control law in (15).

Remark 5: Note that, when none of the agents know
the acceleration ag(z), it is difficult to analyse the
stability properties of system (5) under the first moving
reference frame.
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Figure 4. (a) and (b) depict the curves of the velocity errors between the agents and the desired velocity along x-axis and y-axis,
respectively, and (c) plots the velocity error between the CoM and the desired velocity. (d) presents the final group configuration
and all agents’ velocities at t=100 s. (Here &, = h; for some i€ 7, and g;=1 for all ieZ,.)

Remark 6: It should be mentioned here that, in the
case where some agents know the acceleration ao(7) but
others do not, the flocking motion cannot be achieved.
This will be demonstrated by the simulations in the
next section.

4. Numerical simulations

In this section, we will present some numerical
simulations for system (5) in order to illustrate
the theoretical results obtained in the previous sections.

These simulations are performed with ten agents,
labelled with circles, moving in the plane, whose initial
positions, velocities and neighbouring relations are set
randomly, but which satisfy: (1) all initial positions are
set within a circle of radius of R* =10 m centred at the
origin; (2) all initial velocities are set with arbitrary
directions and magnitudes within the range of [0, 4]
m/s; and (3) the initial neighbouring graph is
connected. All agents have different masses and they
are set randomly in the range of (0, 1] kg. Suppose the
desired velocity v(r)=[sin(r),cos(s)]” and the initial
time fo=0s. We run the simulations for 100s and
choose suitable coordinate axes to show our simulation
results.

Figure 2 depicts the curves of the desired velocity
along x-axis and y-axis. Figures 4-12 show the
simulation results for the same group, and the group
has the same initial state shown in Figure 3 where the
solid lines represent the neighbouring relations
between agents and the dotted arrows represent the
initial velocities of all agents. However, different
control laws are taken in the form of (4) (in Figures
4, 5, 6, 10 and 11), (12) (in Figure 7), or (15) (in
Figure 8) with the explicit potential function (3), where
a=b=0.05. The agent’s sensing range is chosen as
R=4m. In Figures 4-6 and 10-11, i/ = h; or i =0
where /; is generated randomly such that 0 < /i < 1,
VieZg={1,...,10}, and for each i€Z,, h; may be
different in different simulations. Take hy=ro=1 in
Figures 7 and 8. The interaction coefficient w;; equals
c;if agent j is a neighbour of agent 7 and is 0 otherwise,
where the coefficient ¢; is generated randomly such
that 0 < ¢;=c; <1 and ¢;=0 forall i,j=1,...,10.

Figures 4-6 present the simulation results in the
case where all agents know the desired velocity and the
acceleration, and the coefficients 4;, i=1,...,10, are
not equal to each other. In Figure 4, the coefficient /!
equals /; for some i€Z, in control law (4), whereas
in Figure 5, the coefficient 4l equals A, for all i€ Z,.
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Figure 5. (a) and (b) depict the curves of the velocity errors between the agents and the desired velocity along x-axis and y-axis,
respectively, and (c) plots the velocity error between the CoM and the desired velocity. (d) presents the final group configuration
and all agents’ velocities at 1=100s. (Here &, = h; and g;=1 for all i€ Z,.)
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Figure 6. (a) and (b) depict the curves of the velocity errors between the agents and the desired velocity along x-axis and y-axis,
respectively, and (c) plots the velocity error between the CoM and the desired velocity. (d) presents the final group configuration
and all agents’ velocities at r=100s. (Here i, = h; and g;=1 for all ieZ,.)
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Figure 7. (a) and (b) depict the curves of the velocity errors between the agents and the desired velocity along x-axis and y-axis,
respectively, and (c) plots the velocity error between the CoM and the desired velocity. (d) presents the final group configuration
and all agents’ velocities at r=100s. (Here ip=1 and g;=0 for all i€ Z,.)
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Figure 8. (a) and (b) depict the curves of the velocity errors between the agents and the desired velocity along x-axis and y-axis,
respectively, and (c) plots the velocity error between the CoM and the desired velocity. (d) presents the final group configuration
and all agents’ velocities at t=100 s. (Here ip=ry=1 and g;=0 for all i€ Z,.)
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Figure 9. (a)—(b) and (c)—(d) depict the curves of the velocity errors between the agents and the CoM along x-axis and y-axis in
the simulations shown in Figures 7 and 8, respectively.
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Figure 10. (a) and (b) depict the curves of the velocity errors between the agents and the desired velocity along x-axis and y-axis,

respectively, and (c) plots the velocity error between the CoM and the desired velocity. (d) presents the group configuration and
all agents’ velocities at r=100 s. (Here /i = h; for all ieZ, and g;=1 for some i€ Z.)
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respectively, and (c) plots the velocity error between the CoM and the desired velocity. (d) presents the group configuration and
all agents’ velocities at =100 s. (Here A} = h; for all ie Z, and g;=1 for some ieZ,.)
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Figure 12. (a)-(b) and (c)—(d) depict the curves of the velocity errors between the agents and the CoM along x-axis and y-axis in
the simulations shown in Figures 10 and 11, respectively.
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Table 1. The main results of this paper.

Conditions Conclusions
Desired Desired
Flocking Acceleration velocity position Neighbouring Simulation
type (ag(1)) (1) (%)) graph (G,) Theorem result Example
Strong gi=1, dk el s.t. — Connected 12 Figure 4 —
flocking Viel Wk =y,
(SF) in Equation (4)
§3.1) ho=h;, — Connected 12 Figure 5 —
Viel
in Equation (4) Disconnected No Figure 6
proof
Weak g:=0, h = h, — Connected 4-5 Figure 7 1(SF);
flocking Viel VieZ in 2(no SF)
(WF) Equation (12)/(15)  ro>0in Connected Brief Figure 8 3(no SF)
§3.2) Equation (15) proof
No flocking  g;=1 for ho=h;, — Connected No Figure 10 —
§4) some i€Z; VieZ proof
gi=0 in Equation (4) Disconnected Figure 11
for others

Note: — represents the content which is obvious and not given in detail in this paper.

These results explicitly demonstrate that the desired
strong flocking motion can be obtained though the
neighbouring graph varies with time. Moreover, when
the coefficient 4’ equals 4, for all i€ Z, in the control
law (4), all agents can still move at the desired
velocity eventually though the neighbouring graph is
not always connected in the course of motion, as
shown in Figure 6. Figures 7 and 8 show the
simulation results in the case where all agents know
the desired velocity but none of them know the
acceleration. It is easy to see that the strong flocking
motion cannot be achieved by using the control laws
in (12) and (15). Hence, it is difficult for all agents to
track a variable velocity v°(¢) in the case where they
do not know its acceleration aqy(f). Figure 9 depicts
the curves of the velocity errors between the agents
and the CoM along x-axis and y-axis in the
simulations shown in Figures 7 and 8, respectively,
and from this, it is easy to see that the weak flocking
motion can be obtained and the velocities of all
agents converge to the velocity of the CoM. For the
case where not all agents know the acceleration, we
also perform some numerical simulations. Figures 10—
12 consider the case where all agents know the desired
velocity (r) but only some of them know the
acceleration ag(¢). The simulations show that the
flocking motion cannot be achieved. This agrees with
the condition on the availability of the acceleration of
the virtual leader to each agent in the group as
required in Theorems 1 and 2.

5. Conclusions

This paper studied the flocking problem of a group of
agents moving in an n-dimensional Euclidean space
with a dynamic virtual leader. To solve the problem,
we proposed a set of switching control laws, and the
control law acting on each agent relies on the state
information of its neighbours and the external signal.
We proved that, in the case where the acceleration of
the virtual leader is known, all agents can follow the
virtual leader, freedom from collisions between the
agents is ensured, the final tight formation minimises
all agent potentials, and moreover, the velocity of the
CoM equals the desired velocity for all time or it will
exponentially converge to the desired velocity. In the
case where the acceleration is unknown, the velocities
of all agents asymptotically approach the velocity of
the CoM; however, in this case, the final velocity of the
group may not be equal to the desired value.
Numerical simulation agrees very well with the
theoretical analysis.

In order to make the results more clear, we present
Table 1 which includes all the cases considered in the

paper.
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