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1. Let4=1{1, 2,3, ..., 600}. Find the number of positive integers in 4 that are
not divisible by 3 or 5 or 7?7 (10%)

2. Prove the following:
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3. Let @ be a binary operation defined on the set of integers Zby x @ y =
x+y-5. Determine whether or not (Z,@) is an abelian group. (5%)

4. Forn € Z" define the sum s, by the formula
1 2 3 n-1 n
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(1) Compute s, 53, 53, 54 and s5. (5%)
(2) On the basis of your results in part (1), conjecture a formula for the sum of
the terms in s,. (5%)
(3) Use mathematical induction to verify your conjecture in part (2) for all n €
Z". (5%)



5. There is a radar, a computer, and a gyroscope on board an airplane. The
probability that the radar fails is 0.2. If the radar fails, the gyroscope will also
fail, and the possibility that the computer fails is 0.3. If the radar functions
correctly, then the computer will also function correctly, and the probability
that the gyroscope fails is 0.2.

(1) Describe the sample space. (3%)

(2) What is the probability that the computer or the gyroscope functions
correctly while the other does not? (3%)

(3) What is the probability that the radar functions correctly if one of the other
two systems fails? (4%)

6. A binary tree T is balanced if for every vertex v in T, the heights of the left
and right subtrees of v differ by at most 1. We define the height of an empty
tree to be -1. Let N, be the minimum number of vertices in a balanced binary
tree of height 4 and fi=1, £,=2,... denote the Fibonacci sequence. Please show
that Ny=fj.»-1 for A>0. (10%)

7. Please represent the following expression as a binary tree (2%) and write the
prefix (4%) and postfix (4%) form of the expression.
(((A+B)*C+D)*E)-((A+tB)*C-D)

8. Find the values of the following postfix expressions if A=1, B=2, and C=3.
(1) ABC+- (3%)
(2) ABC**ABC++- (2%)

9. Figure 1 shows a finite state machine. Please construct a grammar that
specifies the language accepted by the finite state machine. (10%)

Figure 1. A finite state machine
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10.Please simplify the following expression

(PALgANV(GArA—p)DV(PAGA=T)
to an expression having as few symbols as possible. (5%)

11.True or false (1% each)
(1) x*=0(x")
(2) xlog, x = Q(x%)
(3) x"*=0(log, x)
(4)x" = O(log x)
(5) logz x = O(x"?)

12.Solve the following recurrence relation:

T(n)= «/ET(.\/;) +cnforn>2and T(2) =1,

where ¢ 1s some positive constant. (5%)



