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— ~ (10 pts) True or False. If the statement is true, please give the reasons;
otherwise, give a counter example. Assume that the functions f, g, and A
take on only positive values. (Please note that, only giving “true” or “false”
without explanation will get no point)

1. If An)=O(h(n)) and g(n)= O(h(n)), then fn)+g(n)= O(h(n)).
2. Ifn)=6(g(n)), then 2™=0(2:™).

3. If fn)=0(g(n)), then g(n)=0(f(n)).

4. If fin)=0(g(n)), then g(n)=Q (fn)).

5. fln)+g(n) =O(h(n)), where h(n)=min{ f{n), g(n)}.

= ~ (15 pts) Please select the correct answer for each of the following
questions.

1. (5 pts) Assuming that p is true, g is false, and r is true, which one is
false?
(A) (prg)>r
(B) (pvg)>F
(OWINCELS!
D) p>(@g->n

2. (5 pts) Let x, be a sequence satisfying x,+1=3x,-2x,.; with xo=2, x;=3,
what is x,,?
(A)n+2
B) n’+2
(C) 2"+1
(D) 2"-1
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3. (5 pts) How many times is the print statement executed?
for i;:= 1 to n do

for i, := 1 to i, do
for i; := 1 to i, do
for iy, := 1 to ix., do
print i;, i,, .., Ix
(A) C(n-1,k)
(B) C(k+n,n)
(C©) Clk+n-1k)
D) C(n,k)

= ~ (10 pts) Prove the following equation by induction
k

D> 2 k=2 k-,

=1

fork =1.

 ~ (10 pts) Consider that a algorithm divides a problem of size n into two
subproblems, each of size +n. These two subproblems are then solved
recursively by calling the algorithm itself. Suppose the algorithm takes
O(log n) time to divide and merge the subproblems. Please denote the
running time T(n) using recurrence and show the asymptotic upper bound
for the running time T(n) as tight as possible. Assume that T(n) is constant
whenn = 4.

% ~ (5 pts) For the grammar listed below, please construct a finite state machine
that accepts the sentences in the language specified by the grammar.
A— 0A
A—- 1B
B- 0C
B—- 0D
C-0
C-» 1B
C—- 1D
D- 1

D—- 1A
| l_siﬁ.:%rmaﬁaal
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7 ~ (15 pts) Let (B,A,v,—, 1, 0) be a Boolean algebra. Define the operation © in
the Boolean algebra as p@q = (pA—g)Vv(—pAQg).
1. Show that p®q is equivalent to (pvg)A—(pAg) (Spts)
2. Does (B, ®) form an abelian group? Show your reasons. (10pts)

4 ~ (10 pts) Let A be an array of n arbitrary and distinct numbers. 4 has the
following property: If we imagine B as being sorted version of 4, then any
element that is at position 7 in array 4 would, in B, be at a position j such
that |i-j|<k. In other words, each element in 4 is not farther than k positions
away from where it belongs in the sorted version of 4. Suppose you are
given such an array 4, and you are told that A has this property for a
particular value k (that value of & is also given to you). Design an O(nlog k)
time algorithm for sorting 4.

A\ ~ (25 pts) Consider the edge-weighted connected graph G = (V, E) in Figure
1 where V is the vertex set and E is the edge set of G respectively.

Figure 1: The edge-weighted connected graph G.

1. (5 pts) Please find a minimum-cost spanning tree of G by Kruskal’s
algorithm. Please show your work step by step.

2. (10 pts) Write down the pseudo-code of the Kruskal’s algorithm and
show that the time complexity of the Kruskal’s algorithm is O(|E] log
1)

3. (10 pts) Please prove that Kruskal’s algorithm generates a
minimum-cost spanning tree for every connected undirected graph.
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